International Journal of Applied Mathematics & . .
Statistical Sciences (LJAMSS) % International Academy of Science,
ISSN 2319-3972 Qﬁ : ) Engineering and Technology
Vol. 2, Issue 1, Feb 2013, 1-12 Connecting Rescarchers: Nurturing Innovations
© IASET IASET ANNECTINE RESCANCOCTS, NUTTUrng innovation

PROCESS CAPABILITY ANALYSES BASED ON RANGE WITH TRIANGULAR FUZZY
NUMBERS

S. SELVA ARUL PANDIAN! & P. PUTHIYANAYAGAM?
!Assistant Professor, Department of Mathematics, K.S.R College of Engineering, Tiruchengode, India

*Professor and Controller of Examination, Department of Statistics, Subbalakshmi Lakshmipathy College of Science,
Madurai, India

ABSTRACT

Process Capability Indices (PCI) is an effective and excellent method of measuring product quality and determine
whether the production process produce product within the specified limits. C, , Cpc , Com and Cppi are most used
traditional process capability indices. In this paper, the fuzzy set theory concept is used to extent the process capability
analyses by using the range (estimate of o) and fuzzy midrange transform techniques to get more information and

flexibility of the PCA system. The fuzzy tolerance control limits for C”pk , E'”F,m and fﬁmk are developed and compared
their performances with a numerical example. The result shows that the C”?,k , Cmﬂm and fﬂmk control limits are the

evidence of improvement in the process performance.

KEYWORDS: Fuzzy Range Control Limits, Fuzzy Tolerance Limits, Process Performance Fuzzy Limits, Process Fuzzy

Control Limits, Triangular Fuzzy Limits
INTRODUCTION

Process capability indices are widely used to check whether the production process performance is within the
customer’s requirement. A process meeting customer requirement is called “capable”. A process capability (PCI) is a
process characteristic relative to specifications. The setting and communication becomes vey simpler and easier by using
process capability indices to express process capability between manufacturers ad customers. The use of these indices
provides a unit less language for evaluating not only the actual performance of production processes, but the potential

performance as well.

The indices are intended to provide a concise summary of importance that is readily usable. Engineers,
manufacturers and suppliers can communicate with this unit less language in an effective manner to maintain high process
capabilities and enable cost savings. The capability of a process and effectiveness of control charts are directly related.
PCI’s have become very popular in assessing the capability of manufacturing process in practice during the past decade.
Process capability can be broadly defined as the ability of a process to meet customers’ expectations which are defined as

specification limits.

The PCA’s compares the output of a process to the specification limits by using the process capability indices
(PCI). In the review of the literature, C,, Cp, Com and Cpmiare some of indices used to identify. In this paper, the study
is structured in the following order. The literature reviews of various Process capability Indices were discussed in the first

section. Secondly, the approximate tolerance limits for CN?,,{ , fﬂm and C”?,mk based on range are constructed by using
chi-square distributions by Patnaik approximation. Thirdly, the approximate tolerance limits for C}, based on range is

transformed to fuzzy Triangular number tolerance limits for C'”?,k , C'”?,m and C"?,mk based on range by using a-level fuzzy
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midrange transform technique. Fourthly, the fuzzy estimations of Cy , Cppy and Cpppychart based on range by using o-
cuts are constructed. Next, the applications to understanding the fuzzy estimations of C'”F,k , C'”?,m and C'”?,mk chart based on

range by using a-cuts are given and finally, the conclusions are presented.
LITERATURE REVIEWS

There are different indices that are given in literature review. In this case the quality characteristics X and the
corresponding random sample (X3, X2,Xs,...... Xp) are normal, in fact X ~ N (u, 52}. Let LSL and USL denotes the lower

[USL + LSL)

and upper specification limits, M = , the midpoint of tolerance interval (LSL, USL), t the target value for p,

r

which we assume that t = m.

Kane (1986) was suggested the simplest and process potential index defined as

USL—LSL
Cp= - (1)

This index is a ratio of tolerance region to process region. It is clear that this method consider the variation of
process. 6 @ in denominator of above fraction are based on assumption of approximately normal of data. It will react to
change in process dispersion but not change of process location.

Sullivan (1984) has been suggested a new process index Cpk in order to reflect departure from the target value as
well as change in the process variation, is given by

Min (USL—p, wu—LSL)
C‘,".'Jk = . (2)

Chan, Chen and Springe (1988) given another new process index CPM, in order to be a sign of departure from the
target value as well as change in the process variation, defined and is given by

_ USL—LSL
N

©)

Com

60, 30 in denominator of above fractions are based on assumption of approximately normal of data. In the other
words main constraints in above indices is its normality assumptions. Departure from the target value carry more weight

with the other well known capability indices is defined by

(4)

USL—u, pu—L5L }

C = min{
pmk 3, et +(u—t)2" 3, e+ (pu—1)%

Com and Cymi react more both in dispersion and location than Cp. Cymi is more sensitive than C,r, to deviations

from the target value T.

Kerstin Vannman (1995), has been given the unified approach. By varying the parameters of this class, we can
find indices with different desirable properties. The proposed new, indices depend on two non-negative parameters, u and
v, as

o — d—ul| u—Ml
Cplu,v) = PN

Itis easy to verify that: C»(0,0) = €, Co(L0) = Cppe Cp(01) = Cppmy, Cplll) = Cppe

®)
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Form the study of Cp(uJ ), large value of u and v will make the index Cp(uJ ) more sensitive to departure from
the target value. A slight modification gives general index class which includes

d—uy | p—M| —ug| T—M|
Oy, 1U0,1) = 6
p (U1, Uz,v) 3./et+u(u-TR ©

Cp(011) = Cjpm
The five Cpr Copr Comy Comp and C5, are equal when p=T =M, but differ when g #T.

Carr (1991), The other approach is defined to use non conforming ratios as an index for capability process for the first time

NC=p=plrelLUl}=1-{o(Z) -0 (=) ™

T

This approach based on the stepwise loss function as below:

0 L=X=U

loss = {1 otherwisw

Clements (1989), in an influential paper, suggested that “66” be replace by the length of the interval between the
upper and lower 0.135 percentage points of the distribution of X and defined
v-L

C.ﬂ - (£1-g—&a) (8)

Greenwich and Jahr-Schaffrath (1995) defined the index C,, which provides an uncontaminated separation

between information concerning process accuracy and process precision as follows
C.;,.p = CEE + CE?J (9)

m

—r}z and

Where the inaccuracy index C;z = { -

Imprecision index Ciy, = (g}z and D = min(T-LSL,USL- T)/3.

Bernardo and Irony (1996), The bayes capability index Cg(p) given by
i, _
Cory = 97 {Pr(y €A/D) (10)

A Bayesian index is proposed to evaluate process capability which within a decision —theoretical framework,
directly assesses the proportion of future work may be expected to lie outside the tolerance limits. Hsin-Lin Kuo (2010)

extended the capability indices by getting approximate tolerance limits for Cp capability chart based on Range

Approximate Tolerance Limits for €py, Cpm & Cpmy Based on Range using 3” Distribution

Let X4, X5, Xa,...... , X, be a random sample of size n drawn from a normal population with mean p and standard

deviation 6. The mean of the m ranges will be denoted by R ,,, ,, and the range of a single sample of size n is denoted by
Rin.
When E (R,,.») = od, and Var(R) = 6’dZ, the mean and variance of R, /o are given by

E('ﬁmnflg}z E(RLH} = dj and
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Var(Rmn/o )= Var(Ry,/a) = dZ/m, respectively
Then ﬁﬂm;’dzis the unbiased estimator of o, where @zand d3 are constants. According to Patnaik, it has been

I:':F
= Thatis
Vv

shown that Eﬂm;’ o is approximately distributed as

— ] _ v
(Rmnf@)?= C225 and  (Rpa/o)? X = i3

Where ¥ denotes a chi-square distribution with v degrees of freedom, and ¢ and v are constants which are
functions of the first two moments of the range variable, given by

1
Y= (—2 + 21 + 2(d3/d5)?/m

c=dy x v/2 xT(v/2) /T((v+1)/2) ¥ dy (1+1/(4v))

Using this relations, the values of ¢ and 7 can be easily obtained for any n and m. Assume that the process the

measurement follows N (i, 6°), the normal distribution, the €, €y and €y, index are given below

Min (USL—p u—LSL)

Cpk = 3 -

- USL—LSL
pm T m (12)

. USL—p, p_L5L
Cpmk = mlnl(ﬂ..,"‘ﬁ'z'l'(#_f}y 31',-5_11-(#—:}1} (13)

Apply a simple approximation procedure based on range we can obtain the tolerance limits of the estimator of C},.

The 100(1 — o) approximate tolerance limits for :‘f}, together with R charts

1-a= P(:f.f_% =4 = fé) =P(,C, = C, =1.G)

Where J; = % X ||zi and [, = gz X _zv and }f_ﬁ};z (v7) is the upper @/2 quantile of the chi-square
o

e e
distribution with v degrees of freedom. So, the 100(1 — «) approximate tolerance limits for Cpy , Cpp and €y based

on range is given below

(14)

IZCpk JFZCpm jZCpk Cpk Cpm Cpmk JFIC?.J?{ jlcpm Jrlcpmk

Fuzzy Transformation Techniques and a - Level Fuzzy Mid — Range

In this study, a- level fuzzy mid — range transformation techniques used for the construction of approximate

tolerance limits for !f'p based on range to fuzzy triangular number control chart. The a- level fuzzy mid — range fim» is



Process Capability Analyses Based on Range with Triangular Fuzzy Numbers 5

defined as the midpoint of the ends of the a- cuts. An a- level cut, denoted by A*, is a nonfuzzy set that comprises ale

element whose membership is greater than or equal to a. If a® and b* are the end points of A*, then

2%+ b
fomr = 2 (15)

a- level fuzzy mid — range of the sample is given by,

« _ Cpkaj*Cprcj +ollCprbj—Cpraj)—(Cpic —Cornj )] (16)

Fuzzy Approximate Tolerance Limits for €y, Cpp and €y Based on Range

o —cut Fuzzy tolerance limits for E'Z},k based on Range

Upper tolerance limit: e Cota » J2Corn » J2 C;kc,}
. = Min (USL-p, p-L5L) = Min [USL-p, w-L5L) = Min (USL-@, p—-L5L)
Centerline: |€8, =——gz = (o =——5——— (G =——m (17)
. El‘. E.I'I.d:-'l . EI‘. E.l'lldi-'l . El‘. :.l'lld:-'l
Pl o = =7
Lower tolerance limit: {jlf?,,m v 1Cs » 10, }
S - -
Where Cpl.-r.a. - Cpka + “(Cpl{b - Cpka.-} (18)
fe A - .
C’pkc — b pkc + "I(C*pkc - C*pkb} (19)
o- level Fuzzy midrange tolerance limits for €y based on Range
. [ J2CowamMmt JaCprcMR
Upper tolerance limit: >
i Cornt o
. o _ ka rc
Center line: Copmr=—"""7— } (20)
. ([ J:Cpramrt J2 CpucMR
Lower tolerance limit: =
The condition of the process control can be defined by
. o o o
incontrol I1Comr = Scprmr = J2Cokmr
process control = (21)
out — of control otherwise
o —Cut Fuzzy Tolerance Limits for C,,, Based on Range
a —cut fuzzy tolerance limits for Cpibased on Range can be calculated as follows.
Upper tolerance limit: U2CE e J2Comp » J2Cmer |
. = FSL—LSL = 5L—LSL = W5SL—L5L
Center Ilne: Efmc = LI: N C?Jﬂ".i:' = .LI:_, Cnlrmr = LI: (22)
& :[ﬁg.-";jj +(E-172 6 :I'Eb.-";j | +E-ty2 6 :Ilﬁg.-';j \ +&-n?
5 " Jdgs .‘_-..-:-' a) * Sags

Lower tolerance limit: {hf{fmm flf},mm flf{fmm }
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6
Where C’pﬂmﬂ = Cpmﬂ + "-I(C*pmb - c'-*,:a;"m'zjI (23)
C’pﬂmc = Cpmc + "-I(C*p'mc - C‘pmb} (24)
a- level Fuzzy midrange tolerance limits for C"'pm based on Range
L F O + Jo Comct
Upper tolerance limit: { = "m"'mz = "'“':“R}
. Lo+ CL,
Center line: { MR = %} (25)
- JC; + J1 Cpmel
Lower tolerance limit: { pmait "m“}
The condition of the process control can be defined by
incontrol J1CE = 52 = ].CE
process control = { A ComiR pmME (26)
out — of control otherwise
a —cut Fuzzy tolerance limits for fpmk based on Range
Upper tolerance limit: 1] omica » 42 Cpmis » J2 C;mkc,}
. = Min (USL— —-LSL) = Min (USL— —L5L) = Min [DSL— —L5L)
Center ||ne: Iffﬁm = IM—% . E!ﬂi‘f-kb = % . C!‘fmi‘: = IM—%} (27)
2 (REL Vipoee 2 /(Bef ) sim-n? g (REL V iipon2
xl-. Fdgt T E \l-. fdg) T \l-. fdg)
Lower tolerance limit: {jif':mkﬂ , jlf'pmkb, jlf':mkc, 1
Where :mkrz = Lomka + I:'H:C'-',r:lm}'{l:' - C‘pmkrz} (28)
:mkc = Lamke + D:(Cpmkc - Cpmkb} (29)
a- level Fuzzy midrange tolerance limits for 'fpm based on Range
. JoComuaMRT JaCpmucMR
Upper tolerance limit: >
. EFmatCE
Center line: { kMR = y] (30)
. JeComarmat JeCopmekMR
Lower tolerance limit: =
The condition of the process control can be defined by
incontrol ]1C:mk, r = S?’pmk; g = ]2 :mkMR (31)

process control = {
otherwise

out — of control
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Table 1: The Triangular Fuzzy Measurement Values & the Fuzzy Ranges

Xa Xb Xc

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

571 | 55 | 543 | 52 | 551|573 | 557|545 | 525|553 | 575 | 56 | 546 | 527 | 555
541 | 552 | 525 | 551 | 5.65 | 543 | 557 | 529 | 553 | 569 | 544 | 558 | 53 | 556 | 5.7
525 | 551 5 52 | 531|529 | 553|513 |525| 533|532 | 554|517 | 528 | 537
542 | 526 | 542 | 549 | 56 | 551 | 531 | 544 | 555 | 564 | 5.62 | 538 | 546 | 558 | 5.71
519 | 518 | 525 | 521 | 552 | 53 | 52 | 528 | 527 | 557 | 532 | 531 | 532 | 53 | 56
536 | 531 | 518 | 538 | 526 | 542 | 54 | 523 | 548 | 533 | 5.63 | 5.55 | 531 | 547 | 542
526 | 553 | 541 | 528 | 519 | 5.27 | 557 | 546 | 529 | 526 | 531 | 5.62 | 549 | 532 | 53
543 | 528 | 544 | 55 | 558 | 552 | 533 | 547 | 556 | 5.62 | 563 | 54 | 55 | 5.6 | 5.69
569 | 545|532 | 519 | 545 | 572 | 549 | 535 | 522 | 548 | 5.75 | 556 | 541 | 5.28 | 551
531 | 526 | 514 | 54 | 531|535 | 529|521 | 543 | 536 | 542 | 532 | 526 | 5.46 | 5.38
528 | 55 | 541|531 | 535|532 556|546 | 534|541 | 536 | 5.62 | 548 | 5.38 | 5.44
543 | 522 | 515 | 534 | 548 | 546 | 526 | 5.18 | 5.36 | 5.52 | 548 | 528 | 5.21 | 541 | 5.56
546 | 535 | 535|522 | 528 | 552 | 539 | 542 | 528 | 532 | 556 | 543 | 548 | 5.34 | 5.36
541 | 536 | 552 | 551 | 538 | 544 | 54 | 556 | 554 | 542 | 548 | 543 | 5.62 | 5.62 | 5.46
15| 562 | 548 | 542 | 518 | 541 | 564 | 555 | 546 | 523 | 546 | 5.68 | 5.59 | 549 | 5.26 | 5.49

@oo\lcnmwaHSample

[EEN
o

[EEN
[EEN

[EnN
N

[EnN
w

[N
SN

Applications of a - Level Fuzzy Midrange Tolerance Limits for €y, Cppmand Cppm

An application was given by Sentruk and Erginel [9] made on controlling piston inner diameters in compressors.
The same data have been considered with the first fifteen samples each with size 5 (the total measurements is 5 X 15 = 75)
were taken from the production process by different operators. Quality experts evaluated each value by a fuzzy number
because the variability of a measurement system includes operators and gauge variability. For example, the numeric
observed value 5.73 can be measured by various operators between 5.71 and 5.76.The upper and lower specification limits
of the process are defined as approximately 5.7 and approximately 5.1, respectively. These measurements are converted
into triangular fuzzy numbers and given in Table 1. Fuzzy control limits are calculated according to the procedures given

in the previous sections.

From the process data, If we assume that mean (X)) and ﬁmn Jd4 is the estimate of p and o.

We obtain the following result:

R=0332 d,=2326 dy=08641 c=23367 v=5459

Target value t = 5.4 Mean (¥) = 5.4163
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Table 2: a - Level Fuzzy Midrange Tolerance Limits for :‘f?,k Based on Range

Sa,\fl':f'e Coke | Coiw | Cuke | 5Seumy | 05357 = 5% e, = 11546
1 0.3497 0.3134 | 0.2811 0.3141 Out of control
2 0.4497 0.3838 | 0.3567 0.3906 Out of control
3 0.2341 0.3993 | 0.4945 0.3871 Out of control
4 0.5975 0.4934 | 0.3524 0.4869 Out of control
5 0.3877 0.4694 | 0.6978 0.4951 Out of control
6 0.7676 0.8436 | 0.5427 0.7776 In control
7 0.5336 0.6753 | 0.7075 0.6561 In control
8 0.6564 0.5347 | 0.3636 0.5261 Out of control
9 0.4342 0.3846 | 0.3266 0.3831 Out of control
10 0.5487 0.8035 | 1.0389 0.8001 In control
11 0.9515 0.9110 | 0.7276 0.8860 In control
12 0.5263 0.5838 | 0.6380 0.5832 In control
13 0.7495 0.9239 | 0.9374 0.8958 In control
14 1.2793 1.1049 | 0.7264 1.0691 In control
15 0.4899 0.4387 | 0.3655 0.4349 Out of control

a - Level Fuzzy Midrange Tolerance Limits for f?,k Based on Range

Upper tolerance limit

Center line:

Lower tolerance limit

{1.1546}

{0.6407}

{0.5357}

(32)

S%-pk;'rﬂ?j have been calculated for all the 15 samples with respect to different operators by using equations (16)

and are given in the table 2. As shown in the table 2, the process capability index decreased and increased in samples like

1,2, 3,4,5,8,9and 15 which indicating the process is out of control and need of investigations. Out of 15 samples 8

sample points lies outside of the process control.

Table 3: a - Level Fuzzy Midrange Tolerance Limits for C"pm Based on Range

Sa,\fl':)ﬁe Coma | Comp | Come | S&omumy | 05816 = &, vy = 12536
1 0.4345 | 0.431 | 0.4136 0.4286 Out of control
2 0.5408 | 0.5001 | 0.4821 0.5041 Out of control
3 0.3796 | 0.5102 | 0.5832 0.5002 Out of control
4 0.6621 | 0.5952 | 0.4843 0.5875 In control
5 0.5112 | 0.5672 | 0.7552 0.5903 In control
6 0.7496 | 0.9003 | 0.6362 0.8277 In control
7 0.6235 | 0.732 | 0.7256 0.7119 In control
8 0.7303 | 0.6257 | 0.4854 0.6194 In control
9 0.4632 | 0.4522 | 0.4418 0.4523 Out of control
10 0.6208 | 0.8413 | 1.0900 0.8462 In control
11 1.0078 | 0.9547 | 0.7999 0.9369 In control
12 0.6213 | 0.6551 | 0.6625 0.6505 In control
13 0.8092 | 0.9604 | 0.9949 0.9400 In control
14 1.2880 | 1.0042 | 0.6811 0.9974 In control
15 0.5251 | 0.5293 | 0.4822 0.5203 Out of control
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o - Level Fuzzy Midrange Tolerance Limits for ﬁ},m Based on Range

a- level Fuzzy midrange tolerance limits for ﬁ},mbased on Range calculated as

Upper tolerance limit {1.2536}
Center line: {0.6874} (33)
Lower tolerance limit {0.5816}

S?‘pmMR_;l’ have been calculated for all the 15 samples with respect to different operators by using equations (16)

and are given in the table 3. As shown in the table 3, the process is in control but the process capability index decreased
and increased in samples like 1, 2,3, 9 and 15 which indicating the process is out of control and need of investigations.
Out of 15 sample only 5 samples lies outside of the process control. The a - level Fuzzy midrange tolerance limits for

Cpmbased on Range can be used to control the process.

Table 4: a - Level Fuzzy Midrange Tolerance Limits for C“},mk Based on Range

Sa,\rﬂjl?le Comia | Comup | Compe | 5 Somuny | 05246 = 5% o= 11308
1 0.5064 | 0.4502 | 0.3875 0.4491 Out of control
2 0.6633 | 0.6398 | 0.5731 0.6323 In control
3 0.1949 | 0.3504 | 0.4588 0.3421 Out of control
4 0.7460 | 0.7737 | 0.5690 0.7331 In control
5 0.2897 | 0.4235 | 0.6797 0.4449 Out of control
6 0.4947 | 0.8163 | 0.7974 0.7567 In control
7 0.4863 | 0.6588 | 0.7450 0.6437 In control
8 0.8423 | 0.8342 | 0.5883 0.7926 In control
9 0.4941 | 0.5305 | 0.4810 0.5155 Out of control
10 0.3807 | 0.6394 | 0.9737 0.6526 In control
11 0.9070 1.012 | 0.9492 0.9827 In control
12 0.4639 | 0.559 | 0.6360 0.5558 In control
13 0.6258 | 0.9155 | 1.1077 0.8985 In control
14 1.4426 | 1.2453 | 0.9581 1.2295 Out of control
15 0.5636 | 0.6493 | 0.5875 0.6235 Out of control

0. - Level Fuzzy Midrange Tolerance Limits for !f'?,m Based on Range

a- level Fuzzy midrange tolerance limits for C},mbased on Range calculated as

Upper tolerance limit {1.1308}
Center line: {0.6874} (34)
Lower tolerance limit {0.5246}

s'f-?,mmj have been calculated for all the 15 samples with respect to different operators by using equations (16)
and are given in the table 4.

As shown in the table4, the process is in control but the process capability index decreased and increased in

samples like 1, 3, 5, 9, 14 and 15 which indicating the process is out of control and need of investigations. Out of 15
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sample only 6 samples lies outside of the process control. The a - level Fuzzy midrange tolerance limits for ﬁp based on

Range can be used to control the process.
CONCLUSIONS

In this paper, it is proposed a new methodology of constructing the fuzzy tolerance control limits for C'”?,k , C”F,m
and Cmﬂmk in fuzzy set theory. Process capability analysis is an important tool to improve the process performance. The

fuzzy tolerance control limits for ¢

ok C”F,m and fﬁmk , improve the process control as compared with traditional control

limits. By comparing the fuzzy control limits of €

o+ Comand Cppmy, the €y fuzzy control limits shows that the out of

control points is fewer than the 5 and C,

The f?,m fuzzy control limits is the enhanced process limit among the other fuzzy control limits in 3o and also it

shows the substantiation in improvement in the process performance. Fuzzy set theory is also befitted method for
improving the process performance in process capability analysis. In the future, the performance of the process is assessing

by using other transformation techniques in fuzzy logic.
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